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Abstract

Let H1, Ho be finite dimensional complex Hilbert spaces describing the states of
two finite level quantum systems. Suppose p; is a state in H;, ¢ = 1, 2. Let C(p1, p2)
be the convex set of all states p in H = H; ®Hs whose marginal states in H; and Ha
are p; and ps respectively. Here we present a necessary and sufficient criterion for a
p in C(p1, p2) to be an extreme point. Such a condition implies, in particular, that
for a state p to be an extreme point of C(p1, p2) it is necessary that the rank of p does
not exceed (d% +d3 - 1)% , where d; = dim H;, ¢ = 1,2. When H; and Hs coincide
with the 1-qubit Hilbert space C? with its standard orthonormal basis {|0 >, |1 >}
and p; = py = %I it turns out that a state p € C(%I, %I) is extremal if and only if p
is of the form |2 >< | where |Q >= % (10 > [¢ho > +[1 > |11 >), {|vbo >, [¢h1 >}
being an arbitrary orthonormal basis of C2. In particular, the extremal states are
the maximally entangled states. Using the Weyl commutation relations in the space

L?(A) of a finite abelian group we exhibit a mixed extremal state in C (%In, #Inz) .

Key words : Coupled quantum systems, marginal states, extreme points, doubly

stochastic matrices, separable and nonseparable states.



1 Introduction

One of the well-known problems of classical probability theory is the determination of
the set of all extreme points in the convex set of all probability distributions in a product
Borel space (X x Y, F x G) with fixed marginal distributions x and v on (X, F) and
(Y, G) respectively. Denote this convex set by C(u,v). When X =Y = {1,2,...,n},
F = G is the field of all subsets of X and p = v is the uniform distribution then the
problem is answered by the famous theorem of Birkhoff and von Neumann [1], [2] that the
set of extreme points of the convex set of all doubly stochastic matrices of order n is the
set of all permutation matrices of order n. Problems of this kind have a natural analogue
in quantum probability. Suppose H; and H, are finite dimensional complex Hilbert
spaces describing the states of two finite level quantum systems S; and S respectively.
Then the Hilbert space of the coupled system Si5 is Hy ® Ho. Suppose p; is a state of
S; in ‘H;, i = 1,2. Any state p in Sio yields marginal states Try,p in H; and Try,p
in Hy where Tryy, is the relative trace over H;. Denote by C (p1, p2) the convex set of
all states p of the coupled system S5 whose marginal states in H; and Hy are p; and
po respectively. One would like to have a complete description of the set of all extreme
points of C (p1, p2). In this paper we shall present a necessary and sufficient criterion
for an element p in C (p1, p2) to be an extreme point. This leads to an interesting (and
perhaps surprising) upper bound on the rank of such an extremal state p. Indeed, if p
is an extreme point of C (p1, p2) then the rank of p cannot exceed (d? + d3 — 1)% where
d; = dim H;. Note that the rank of an arbitrary state in H; ® Hsy can vary from 1 to
didy. When H; = Hy = C?, {|0 >, |1 >} is the standard (computational) basis of C* and
p1L = P2 = %I it turns out that a state p in C (%[, %I) is extremal if and only if p has
the form |2 >< Q| where |2 >= \% (10 > |¢bo > +[1 > |11 >), {|Yo >, |1 >} being any
orthonormal basis of C2. These are the well-known maximally entangled states.

A major part of this work was done by the author during his visit to the Univer-
sity of Greifswald during 17 June - 16 July under a DST (India) - DAAD (Germany)
project between the Indian Statistical Institute and the mathematics department of the
University of Greifswald. The author is grateful to these organisations for their generous
support. The hospitality extended by the colleagues of the Quantum Probability group

in the University of Greifswald and, particularly, Michael Schurmann is gratefully ac-



knowledged. The example of Section 4 was constructed during the author’s visit to the
University of Nottingham during 13-25 August, 2003 when he enjoyed the hospitality of
R. L. Hudson and J. M. Lindsay. Finally, the author expresses his thanks to Mr. Anil
Shukla for his help in texing the manuscript.

2 Extreme points of the convex set C (p1, p2)

In the analysis of extreme points in a compact convex set of positive definite matrices

the following proposition plays an important role [7]. See also [3], [4] and [6].

Proposition 2.1 Let p be any positive definite matrix of order n and rank k£ < n. Then
there exists a permutation matrix o of order n, a k x (n — k) matrix A and a strictly

positive definite matrix K of order £ such that

K \ KA
ATK | ATK A

apa’l =

(2.1)

If, in addition, p = % (p' + p”) where p' and p” are also positive definite matrices then

there exist positive definite matrices K’, K" of order k such that

K* | K#4A

#Ofl
At K# \ ATK#A

o (2.2)

where # indicates 7 and /7.

Proof: Choose vectors u; € C", 1 =1,2,...,n such that

p= ((<ui’uj>))7 i,J € {1727 s 7n}‘

Since rank p = k, the linear span of all the u;’s has dimension k. Hence modulo a per-
mutation o of {1,2,...,n} we may assume that wi, us, ..., u; are linearly independent
and

ukﬂ' :alju1+a2ju2+~~+akjuk, 1 S] S n—k. (23>



Putting

K = ((wiu;), i,j€1,2,....k
A = ((aij))’ Z:17277k7 j:1a27---7n—k7

and denoting by the same letter o, the permutation unitary matrix of order n corre-

sponding to ¢ we obtain the relation (2.1). To prove the second part we express

B K | KA 1 [ x| B 1] K| B,
Atk [AtkA | 2| Bl|a | 2| Bl |G
where the two partitioned matrices on the right hand side are the matrices o p'oc~! and
op”o~t. Now construct vectors v;, w;, i = 1,2,...,n such that
opo™ = (((vilvy)), i,5€{1,2,...,n} (2.4)
op’o”t = ((wilwy))), 4,5 € {1,2,...,n}. (2.5)
Let [0 >, |1 > be the standard orthonormal basis of C?. Define
lp; > 1(\ >10>+|w; >|1>), 1<i< (2.6)
ARG

Then we have

1
<ol > = s(lwlo) + fwi)
= (u;|lu;) forall 4,5{1,2,... ,n}.

Thus the correspondence u; — ¢, is an isometry. Hence by (2.3) we have
Pryj = Q1P T G259 + -+ agjpy, 1 <j<n—k.

Substituting for the ¢,’s from (2.6) and using the orthogonality of [0 > and |1 > we

conclude that

k

Wk > = ) aglvi >, (2.7)
i=1
k

|wk+j > = Zaiﬂ'wi > . (28)
=1
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Putting

K = ((<vi|vj>))7 i7j6{1727"'7k}
K" = ((wilwy))), ije={12,... k}

and substituting (2.7) and (2.8) in (2.4) and (2.5) we obtain B; = K'A, C; = ATK'A,
By = K"A, Cy = ATK” A. Thus we have (2.2). |

Let 'Hy, Hs be two complex Hilbert spaces of finite dimension d;, ds and equipped
with orthonormal bases {e;,es,...,eq }, {f1, fa,..., Fa,} respectively. Consider the
tensor product H = H; ® Hz equipped with the orthonormal basis g,; = €; ® f; with
the ordered pairs i in the lexicographic order. For any operator X on H we associate

its marginal operators X; in ‘H; by putting
X1 =Try, X, Xo=Tr, X
where Try, stands for the relative trace over H;. If p is a state on H, i.e., a positive

operator of unit trace, then its marginal operators are states in H; and H,. Now we fix

two states p; and po in H; and H, respectively and consider the compact convex set
C(p1,p2) = {p|p a state on H with marginals p; and py in H; and Hs respectively. }

in B(H). Let E(p1, p2) C C(p1, p2) be the set of all extreme points in C(py, p2).
Proposition 2.2 Let p € £(p1, p2). Then p is singular.

Proof: Suppose p is nonsingular. Choose nonzero hermitian operators L; in H; with
zero trace. Then for all sufficiently small and positive €, the operators p + Ly ® Lo are
positive definite. Since the marginal operators of Ly ® Ly are 0, both of the operators

p+tely ® Ly belong to C(p1, p2) and

1
p=5pteli®Ls) +(p—eli ® Ly))

and p is not extremal. [ ]

Proposition 2.3 Let n = didy, p € C(p1, p2), rank p = k < n and let o be a permu-
tation of the ordered basis {g,;} of H such that

K | KA
ATK | ATK A

apafl =

, (2.9)
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where K is a strictly positive definite matrix of order k. Then, in order that p € E(p1, p2)
it is necessary that there exists no nonzero hermitian matrix L of order k such that both

the marginal operators of

L LA
ATL | ATLA

! o (2.10)

vanish.
Proof: Suppose there exists a nonzero hermitian matrix L of order k£ such that both

the marginals of the operator (2.10) vanish. Since K in (2.9) is nonsingular and positive

definite it follows that for all sufficiently small and positive ¢, the matrices K 4+ ¢ L are
strictly positive definite. Hence

p:§ (0} g

where each summand on the right hand side has the same marginal operators as p.

K+el | (K+eL)A
AN(K +eL) | AVK +eL)A

K—cL | (K-cL)A
ANK — L) | AI(K — cL)A

-1

Furthermore
K+eL K+eL I
oL | (Een) | {—} (K + L) [T]A] > 0.
AN(K L) | AI(K £ cL)A Af
Thus p is not extremal. ]

Corollary Let p € E(p1, p2). Then rank p < \/d3 +d3 — 1.

Proof: Let rank p = k. By proposition 2.2, k < n. Since p is a positive definite matrix

in the basis {g,;} such that cpo~!

can be expressed in the form (2.9). The extremality
of p implies that there exists no nonzero hermitian matrix L of order k£ such that the
matrix (2.10) has both its marginals equal to 0. The vanishing of both the marginals of

(2.10) is equivalent to

L LA
ATL | ATLA

Tro! o (X, 1% +1V @ X,) =0 (2.11)




for all hermitian operators X; in H;, I being the identity operator in H;. Equation

(2.11) can be expressed as

Tr L [Ik’A]O'(Xl ®[(2) +[(1) ®X2) 0'71 {%1 = 0.

In other words L is in the orthogonal complement of the real linear space

I
D:{UM40Q3®N”+ﬂ”®XQU*Lﬁ}

X, hermitian in H;,7 =1, 2} ,

with respect to the scalar product (L|M) = Tr LM between any two hermitian matrices
of order k. Thus the extremality of p implies that D+ = {0}. The real linear space of all
hermitian matrices of order k has dimension k2. The real linear space of all hermitian
operators of the form X; ® I® + 1M ® X, is d? +d% — 1. Thus k? = dimD < d?> +d2 — 1.

Proposition 2.4 Let p € C(p1,p2),k,0, K, A be as in Proposition 2.3. Suppose there

is no nonzero hermitian matrix L of order £ such that both the marginal operators of

L LA
ATL | ATLA

o

vanish. Then p € E(p1, p2).

Proof: Suppose pZE(p1, p2). Then there exist two distinct states p', p” in C(p1, p2) such

that
1
p=5 0", o #0"

Since rank p = k it follows from Proposition 2.1 that there exist positive definite matrices
K', K" of order k such that

K* | K#A
ATKH | ATK#A

#o-1

op

where (p#, K#) stands for any of the three pairs (p, K), (o', K'), (p", K"). Since o' # p”
and hence op'o~! # op”’o~ ! it follows that K’ # K”. Putting L = K' — K" # 0 we



obtain a nonzero hermitian matrix L of order k such that both the marginal operators

of
L LA

ATL | ATLA

o

vanish. This is a contradicton. ]
Combining Proposition 2.3, its Corollary and Proposition 2.4 we have the following

theorem.

Theorem 2.5 Let H;, Hs be complex finite dimensional Hilbert spaces of dimension dj,
dy respectively. Suppose C(p1, p2) is the convex set of all states p in H = H; ® Hs whose
marginal states in H; and Hy are p; and p, respectively. Let {e;}, {f;} be orthonormal
bases for ‘Hj, Hy respectively and let g,; = e; ® f;, 1 =1,2,...,dy; j = 1,2,...,dy be
the orthonormal basis of H in the lexicographic ordering of the ordered pairs ¢5. In order
that an element p in C(py, p2) be an extreme point it is necessary that its rank k& does
not exceed \/m . Let 0 be a permutation unitary operator in ‘H, permuting the
basis {g,;} and satisfying
K | KA

ATK | ATK A

0',00'_1 =

where K is a strictly positive definite matrix of order k. Then p is an extreme point of

the convex set C(p, p2) if and only if the real linear space

I
D= { Ao (X1 @ TP + 1Y @ X,) 07! {E}

X, hermitian in H;, ¢ = 1, 2}
coincides with the space of all hermitian matrices of order k.

Proof: Immediate from Proposition 2.3, its Corollary and Proposition 2.4. ]

3 The case H; = H, = C?

We consider the orthonormal basis

i) e



in C2? and write

lzy >= |z > |y > for allz,y € {0,1}.

Then e; = |00 >, e; = |01 >, e3 = |10 >, e, = |11 > constitute an ordered orthonormal

basis for C2 @ C2. For any state p in C? ® C? define

K, ((z,y), (2", y)) = (xylple'y’) z,y,2",y € {0,1}. (3.1)

If p has marginal states py, ps then

KP ((l’, 0)7 ('rlv O)) + Kp ((I7 1)? (xlv 1)) = <x|p1|x'>, (32)
K, ((0,9),(0,9) + K, ((Ly), (1,y)) = (ylpaly) (3.3)

for all x,y,2’,y" in {0,1}. If p is an extreme point of the convex set C(p1, p2) it follows
from Theorem 2.5 that the rank of p cannot exceed v/7. In other words, every extremal

state p’ in C(p1, p2) has rank 1 or 2. When p; = p, = 1 we have the following theorem :

Theorem 3.1 Let H; = Hy = C?. A state p in C(57, 31) is an extreme point if and only
if p=|Q >< Q| where

1
V2

{|tbg >, |1b1 >} being an orthonormal basis of C2.

2 >=—= (10> |t > +|1 > Q¢ >),

Proof: We shall first show that there is no extremal state p of rank 2 in C(%], %I)
To this end choose and fix a state p of rank 2 in C(%I ,31). Then the right hand sides
of (3.2) and (3.3) coincide with 8, and 16, respectively and in the ordered basis

{ej, 1 < j < 4} the positive definite matrix K, of rank 2 in (3.1) assumes the form

5 Y z
~ 1l—a
r - t -
K,= 2 / (3.4)
A
z -y -3 &

forsome 0 < a <1, z,y,2,t € C. The fact K, has rank 2 implies that one of the following

three cases holds :
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is strictly positive definite ;

S
—_
N—
SIS
—
no

| <

(2)

is strictly positive definite ;

[y

L ol
w|

ISIE VIS

N

1—a
z = t
(3) |z|* = |y|* = 90-9) and one of the matrices [ ], [ 2 . ] is strictly
t 1i—a
2

We shall first show that case (3) is vacuous. We assume that

positive definite.

1_ 2
lz)? = |y|? = %, 12> < az’ rank K, = 2. (3.5)

conjugation by the unitary permutation matrix corresponding to the permutation (1)(24)(3)
brings (3.4) to the form

5z y
2 | -z —y
2 i (3.6)
goow| gt
Ty | ot
with rank 2. By Proposition 2.1 this implies that
la 7 ]
2 = ATKA (3.7)
t lza
2
where )
A=t Y T k=]2 " (3.8)
~T —f z ¢
Putting z = a(21—a) el y= #ew, substituting the expressions of (3.8) in (3.7) and

equating the 11-entry of the matrices on both sides of (3.7) we get

2

)% +ze 0 =0

2 . .
and therefore |z|> = &, a contradiction.

The case [t]* < @ is dealt with in the same manner.

9



Now we shall prove that p is not extremal. Express (3.4) as

[ K| KA
© | AlK | ATKA
where
ee B ] a2
T =5 t —y
a(l —a)

AIKA=dK™", d= —|z[*>0

4
This implies the existence of a unitary matrix U such that
KiA=d:UK" 2.

From (3.10) we have

[y c ] KA = PV
t —y

Hence Tr U = 0. Since U is a unitary matrix of zero trace it has the form

U=¢eV

where V' is a selfadjoint unitary matrix of determinant —1. In particular

A= dl/26i9K—1/2VK—1/2

where V' is selfadjoint and unitary. We now examine the linear space

p:{mmma®b+b®&ﬂﬁ]

X is hermitian for each Z} )

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

In the ordered basis {e;, j =1,2,3,4} it is easily verified that X; ® Iy + I, ® X5 in D

varies over all matrices of the form

{

X +pL| rh
Tl ‘ X +qls

Thus

D={X+AXA"+rA"+7A+ qAA" + pI| X hermitian, p,geR,r € C}.

10
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We now search for a hermitian matrix L of order 2 in D+ with respect to the scalar
product (X;]|Xs) = Tr X; X5 for any two hermitian matrices of order 2. In other words

we search for a hermitian L satisfying

Tr L=0, Tr LK Y2V K'Y/ =0
(3.14)

Tr L(X +dK'PVK-V2XK2VK=Y?) =0

for all hermitian X. (Here we have substituted for A from (3.12)).
Note that vdK~'?VK~'/? = B is a hermitian matrix of determinant —1. Thus
(3.14) reduces to
Tr L=0, Tr LB=0, L+ BLB=0. (3.15)

The matrix B can be expressed as

where IV is unitary and

Qo 0
D = , a>0.
0 —a !

Then for any ¢ € C the hermitian matrix

0
L=W"| _ d w
€0
satisfies (3.15). In other words D+ # {0} and therefore the linear space D in (3.13) is
not the space of all hermitian matrices of order 2. Hence by Theorem 2.5, the state p is

not extremal.

Thus every extremal state p in C(31, 31) is of rank 1. Such an extremal state p has

the form
p=10><Q
where
2> = Z Agy|TY >,
z,ye{0,1}

D amy|* = 1.
$7y
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The fact that [ >< Q has its marginal operators equal to 37 implies that ((as,)) =

\%((umy)) where ((u;,)) is a unitary matrix of order 2. Putting

1
Zuzy|y >= W}x >
y=0

we see that
1

V2

where {|0 >,|1 >} is the canonical orthonormal basis in C? and {|¢y >,[¥; >} is

[2>=—=(|0> |0 > +|1 > |1 >) (3.16)

another orthonormal basis in C? (which may coincide with {|0 >, |1 >}). Varying the
orthonormal basis {|¢g >, [¢)1 >} of C? in (3.16) we get all the extremal states of C(31, 1)
as [ >< Q). |

4 An example of a mixed extremal state in C (%[n, %Inz)

which is also nonseparable

Let A be a finite additive abelian group of cardinality n, addition operation + and null

element 0. Choose and fix a symmetric bicharacter (.,.) on A x A satisfying

(a,b) = (b,a), |{a,b)] =1,
{a, b+c) = (a,b){a;c)
for all a,b, ¢ € A. Denote by H the Hilbert space L*(A) with respect to the counting

measure in A and consider the orthonormal basis :

|a >= 1{a}, a € A,

where the right hand side denotes the indicator function of the singleton {a} in A. Define
the unitary operators U,, V;, in 'H by

Uy le> = |a+c>,

Vo le> = (bc) |e>

12



for all a,b,c in A. Then we have the Weyl commutation relations

UUp = Uyi, ViV = Vs, ViU, = (a, b)U,V, for all a, b € A.

Put
W,=U,Vy, z=(a,b)€AxA.

Then the family {W,} is irreducible and
Tr WIW, = ndy,.

In particular {\%Wx, r € AX A} is an orthonormal basis in the Hilbert space B(H) of

all operators on ‘H with the scalar product

(X|Y)= Tr XY, X,Y € B(H).

Define the operator matrix

1
n2
of order n? with entries from B(H). Then P = P! = P? and Tr P = n, when P is
considered as an operator in H ® K where K = L? (A x A). Thus P is a projection of

P=—[WW,], zyeAxA (4.1)

rank n in an n?-dimensional Hilbert space. Define the state

Po = ﬁp (4.2)

Theorem 4.1 pg is an extremal state in the convex set C (%[H, #I;C) where I, and I
are the identity operators in H and C respectively. Furthermore, in the range of py there

does not exist a nonzero product vector of the form v ® f, u € H, f € K.

Proof : Observe that py can be expressed in the block form

1
n’

Iy| B

"W B BB

where B = [W,, x € Ax A, z #0] and rank po = rank I3y = n. Now consider a

hermitian operator L in H and put

13



L | LB
B'L|B'LB

arp =

Suppose that the relative traces of oy in ‘H and K vanish. This would, in particular,

imply

TrLW,=0 forall z € A® A.

Since the family {\/LEWI,JC € Ax A} is an orthonormal basis in B(H) it follows that
L = 0. In other words py satisfies the conditions of Proposition 2.3 and therefore py is
an extreme point of the convex set C (%IH, #I,C) .

To prove the second part, suppose that there exists a nonzero product vector u ® f
in the range of pg. It follows from (4.1) and (4.2) that

Pu@f=u®f
or equivalently

1
- Z flyyWyu = f(x)W,u forall z€ Ax A.
n yEAXA

Thus the right hand side is independent of x and therefore
f(z)Wou = £(0,0)u.

Since u® f # 0 it follows that f(0,0) # 0 and therefore f(z) # 0 for every x € Ax A. Thus
Cu is a 1 - dimensional invariant subspace for the irreducible family {W,,z € A x A}.

This is a contradiction. ]

Remark The last part of Theorem 4.1 implies that the state pg is not separable in the
sense that py cannot be expressed as ) . p;oy; ® (;, where ¢ runs over a finite index set
S, {p:;} is a probability distribution on S, {a;} and {3;} are families of states in H and
IC respectively (See [5] ).

Theorem 4.2 Let ‘H, K be Hilbert spaces of dimension m, n respectively and let p be
a state in H ® K such that p € C (LI, £Ic) . Then

14



S(p) = [logym —log, n|
where S(p) denotes the von Neumann entropy of p. In particular,

rank p > 2x(m.n)
min(m, n)

Proof. Consider a spectral decomposition of p in the form

k
p=> pilQ ><

j=1

where {|Q2; >,1 < j < k} is an orthonormal set and {p;,1 < j < k} is a probability
distribution with p; > 0 for every j. In particular, rank (p) = k. Let {le, >,1 <r < m},
{|fs >,1 < s < n} be orthonormal bases in H, K respectively. Define

P(j,r,s) = pil{er @ fol)[".

Then P(.,.,.) can be viewed as a joint probability distribution of three random variables
X, Y, Z assuming values in the sets {1,2,...,k}, {1,2,...,m}, {1,2,...,n} respectively.
Using the symbol H for the Shannon entropy as well as conditional entropy for random

variables assuming a finite number of values we have
HXYZ)=H(Y)+ HXZ|Y)=H(Z)+ H(XY|Z).

By the hypothesis on p we conclude that Y and Z are uniformly distributed in {1,2,...,m}
and {1,2,...,n} respectively. Thus we get

logo,m —logan = H

IA A IA I
s s R
»
=
N

|
2
S



Interchanging Y and Z in this argument and combining the two inequalities we get
S(p) = [logym —logynl.

This completes the proof of the first part. We have

k
S(p) == pjlogyp; <logy k

j=1

which yields the second part. [ ]

Remark It is interesting to note that, in view of Theorem 4.2, the extremal state pg

constructed in Theorem 4.1 is, indeed, of minimal rank.

We conclude with an example which is of some interest, particularly, in the context

of Theorem 3.1 and Theorem 4.1 with n = 2 which cover the cases C?® C? and C? @ C*.

Example 4.3 Let H = C* K = C? with labeled orthonormal bases {|0 >, |1 >},
{{0 >, |1 >, |2 >} respectively. Suppose py = 1 P whre P is the 2-dimensional projection
in H ® K onto the span of {|00 > +|11 > +i|12 >, |10 > 4|01 > —i|02 >}. Using
the ordered orthonormal basis {|00 >, |10 >, |01 >, |11 > {02 >,|12 >} in H ® K and
looking upon H @ K as C?> @ C? @ C2, P can be expressed as a block matrix :

_[2‘ 01 ‘0'2

P —

1 ;
3 01‘ I ‘20'3

o ‘ —103 ‘ I
where o;, i = 1,2, 3 are the 2 x 2 Pauli matrices. Since the trace of any Pauli matrix is 0
it follows that py € C (%]2, %13) . It is straightforward to verify that there is no product
vector in the range of P. Thus pg is a mixed entangled state with both the marginals
having maximum entropy. If L is a 2 x 2 hermitian matrix such that the marginals of

the operator

TL: O'lL O'1LO'1 0'1L0'2

O'QL O'QLUl UQLO'Q

16



in H and K are 0 then it follows that Tr L = Tr Loy = Tr Loy = Tr Loy = 0 and
therefore L = 0. By Proposition 2.4 it follows that p, is an extremal state in C (%]2, %13) .

By Theorem 4.2, py has minimal rank.
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