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Abstract

The notion of perfect correlations between arbitrary observables, or more generally arbitrary
POVMs, is introduced in the standard formulation of quantum mechanics, and characterized by
several well-established statistical conditions. The transitivity of perfect correlations is proved to
generally hold, and applied to a simple articulation for the failure of Hardy’s nonlocality proof
for maximally entangled states. The notion of perfect correlations between observables and POVMs
is used for defining the notion of a precise measurement of a given observable in a given state. A
longstanding misconception on the correlation made by the measuring interaction is resolved in
the light of the new theory of quantum perfect correlations.
© 2005 Elsevier Inc. All rights reserved.

1. Introduction

It is often stressed that quantum mechanics does not speak of the value of an observa-
ble in a single event, but only speaks of the average value over a large number of events. In
fact, quantum states are characterized as what determine the expectation values of all the
observables. However, quantum correlations definitely describe relations of values of
observables in a single event as typically in the EPR correlation [1]. In the early days of
quantum mechanics, the quantum correlation played a central role in measurement theory
since von Neumann [2] generally described a process of making a perfect correlation be-
tween two systems. In the recent investigations on quantum information [3], the notion
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of quantum correlations naturally plays a key role, as in classical information theory the
amount of information is defined as a measure of statistical correlations for pairs of ran-
dom variables. Nevertheless, we have not had a general notion of quantum correlation; in
those investigations the quantum correlation has rather replaced by the notion of entan-
glement, which is regarded as quantum correlations restricted to those between commut-
ing observables from different subsystems.

The main aim of this paper is to establish the general notion of quantum perfect cor-
relations. It should be stressed that statistical correlation is a state dependent notion,
and it is required to address the problem as to when a pair of observables are considered
to be perfectly correlated in a given state. The operational meaning of this condition is that
those two observables can be jointly measured in that state and that each joint measure-
ment gives the same value, although the value may distribute randomly. In classical prob-
ability theory, it is well accepted that two random variables (observables) are perfectly
correlated if and only if the joint probability of any pair of their different values vanishes.
Thus, we can immediately generalize this notion to pairs of commuting observables based
on the well-defined joint probability distribution of commuting observables. It is
well-known that every entangled (pure) state of a bipartite system has the Schmidt
decomposition that determines naturally a pair of perfectly correlated observables in
respective subsystems. The perfect correlation relevant to the study of entanglement is
as such always those for commuting observables. Nevertheless, we have several
problems that strongly demand the generalization of the notion of perfect correlations
to noncommuting observables.

One of them is the transitivity problem of quantum perfect correlations. Suppose that
commuting observables X and Y are perfectly correlated as well as commuting observables
Yand Z. If X and Z commute, we can easily say that X and Z are perfectly correlated.
However, there are cases where X and Z do not commute, and no existing theory deter-
mines whether X and Z are considered to be perfectly correlated.

There has been a longstanding misconception on statistical correlation in measurement.
In the conventional model of measurement found by von Neumann [2], the measuring
interaction is required to establish two different kinds of perfect correlations: one is be-
tween measured observable before the interaction and the meter observable after the inter-
action, and the other is between the meter observable after the interaction and the
measured observable after the interaction. The first one ensures that the observation of
the meter observable suffices to know the value of the measured observable before the
interaction, and the second one ensures that the measurement leaves the measured system
in the eigenstate pertaining to the measurement result. However, we have been able to
treat only the second correlation, since the Heisenberg operator of the measured observa-
ble before the interaction and the Heisenberg operator of the meter observable after the
interaction do not commute in general. Moreover, there has been a confusion between
the meaning of those two different correlations. Even in the modern approach to measure-
ment theory, the lack of the general theory of quantum perfect correlations has left the
fundamental question unanswered as to when the given observable is precisely measured
in a given state.

This paper introduces the notion of perfect correlations between arbitrary two observ-
ables, and characterizes it by various statistical notions in quantum mechanics. As a result,
the above problems are shown to be answered by simple and well-founded conditions in
the standard formalism of quantum mechanics.
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In Section 2, we introduce the definition of the perfect correlation between two observ-
ables. In Section 3, the condition that two observables are perfectly correlated in a given
state is characterized in terms of well-formulated statistical notions in the standard quan-
tum mechanics. It is immediate from the definition that two perfectly correlated observ-
ables are identically distributed, i.c., having the same probability distribution, but the
converse is not true as seen from the case of two independent observables with identical
distribution. This section considers the question as to what additional condition ensures
that two identically distributed observables are perfectly correlated.

In Section 4, we prove that the perfect correlation between observables in a given state
is transitive and consequently is an equivalence relation between observables. In Section 5,
we consider the joint probability distribution of perfectly correlated observables, and show
that two observables are perfectly correlated if and only if they have joint probability dis-
tribution concentrated on the diagonal. We show that our definition of perfectly correlated
observables in a given state ensures that they are jointly measurable in that state. We also
characterize the quasi-joint probability distribution of perfectly correlated observables. In
Section 6, we consider the perfect correlation between observables in bipartite systems,
and characterize pairs of perfectly correlated observables from two subsystems. We also
apply the transitivity of perfect correlations to a simple explanation for the failure of Har-
dy’s nonlocality proof for the class of maximally entangled states [4].

In Section 7, we consider the perfect correlations between probability operator val-
ued measures (POVMs). We show that any pair of POVMs has a joint dilation to a
pair of observables in an extended system in such a way that the given POVMs are
perfectly correlated if and only if the corresponding observables are perfectly correlat-
ed. In this way, the problem of perfect correlations between POVMs can be reduced to
the problem of perfect correlations between observables, and we extend the character-
ization of perfectly correlations between two observables to those between a POVM
and an observable.

In Section 8, we consider perfect correlations in measurements, and gives the definition
for precise measurements of an observable in a given state, using the notion of perfect cor-
relations between observables and POVMSs. A longstanding misconception on the correla-
tion made by the measuring interaction is resolved in the light of the new theory of
quantum perfect correlations. Section 9 concludes the present paper with summary and
some remarks.

2. Basic formulations

Let H be a separable Hilbert space. An observable is a self-adjoint operator densely de-
fined in H and a state is a density operator p on H, or equivalently a positive operator p on
‘H with unit trace [2]. A unit vector y in H is called a state vector or a vector state defining
the state p = [¥)(y/| that is an extreme point (pure state) in the convex set S(H) of states on
‘H. Denote by B(R") the Borel o-field of the Euclidean space R” and by B(R") the algebra
of (complex-valued) bounded Borel functions on R". Denote by L£(H) the algebra of
bounded operators on H and by £(H), the cone of positive operators on H. A positive
operator valued measure [5] is a mapping II from B(R) to L(H), such that
n\J4;) = Z‘;’LH (4;) in the weak operator topology for any disjoint sequence of Borel
sets Ay, 4y, .... A probability operator valued measure (POVM) [6,7] is a positive operator
valued measure IT such that IT(R) =L
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We say that two POVMs I1; and II, are perfectly correlated in a state p iff
Te[IT, (A)15(')p] = 0 (1)
for any disjoint Borel sets 4, I'. For any vector state y, Eq. (1) is equivalent to
(I (A)p, I (I')Y) = 0. (2)
The following proposition generalizes Eq. (1) to arbitrary pairs of Borel sets 4, I'.
Proposition 2.1. For any POV Ms I1,, I1,, and any state p, the following conditions are

equivalent.

(1) I, and I, are perfectly correlated in p.
(ii) TrII ()T p] = Tr[I1;(AND)p] for any A, T € B(R).
(itl) Tr[II{(A)I5(D)p]= Tr{II(ANT)p] for any A, T € B(R).

Proof. If I1;, I1, are perfectly correlated, we have

Tr[I1, (M) 12(T)p] = Tr[IT1 (AN D)L (T)p] + Tr[ITi (A \ I') T2 (1) p]
= Tr[II, (AN )T (T)p]
=Tr[I1 (AN )L(RN\ I)p] + Tr[I1 (4 N T (I)p]
=Tr[II,(4NT)p]

for any 4, I' € B(R). This proves (i) = (ii). The converse part (ii) = (i) is obvious, and the
equivalence (i) <= (iii) can be proved analogously. [

Let IT be a positive operator valued measure. For any Borel function f on R the oper-
ator I1(f) is defined by

dom(11(7)) = {w e Hl [ irePw.anew) < oo},
W) / £, AT ()

for all € dom (I1(f)) and /' € H; see [8] for comparison with other approaches. For the
identity function id on R, i.e., id(x) = x for all x € R, the operator I (id") is called the nth
moment operator of Il. For any real-valued Borel function f on R, the relation

I (4) = 11(17(4)), (3)

where 4 € B(R), defines a unique positive operator valued measure I¥. For any real-val-
ued Borel functions f, g, it is easy to see that IT(fo g) = II*(f) = IV ° ¢(id), where fo g is
the composition of f'and g, i.e., fo g(x) = f(g(x)) for all x € R. For any bounded operator
A on H, the relation

I1(4) = A'11(4)4, (4)

where 4 € B(R), defines a unique positive operator valued measure IT*. For any bounded
operator 4, B, we have I8 = (12, If 11 is a POVM, so are I and ITY whenever U is
isometry.

Now we have the following.
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Theorem 2.2. For any POV Ms I1,,I1,, state p, and unitary operator U on H, the following
conditions are equivalent.

(i) I1, and II, are perfectly correlated in p.
(i1) H{_ and I, are perfectly correlated in p for any real-valued Borel function f.
(1ii) H{_ and H} are perfectly correlated in p for any bounded real-valued Borel function f.
(iv) H’; and Hi are perfectly correlated in p for a bijective Borel function f from R to a Bor-
el set Q € B(R).
(v) IIY and 115 are perfectly correlated in U'pU.

Proof. Suppose that IT; and II, are perfectly correlated in p. Let f be a real-valued Borel
function. We have

eI (A)15(I) p] = TelI (£~ (A (£~ (I))p] = TelIL (£~ (4) 0~ (1))
— e[, (f~ (AN T)p] = Te[IT{ (AN T)p).

Thus, H{ and Hé are perfectly correlated in p. This proves (i)=-(ii). The implications
(i1)=-(iii)=-(iv) are obvious. Suppose (iv). Then, there is a Borel function g such that
glf(x)]=x for all x € R. By the implication (i) = (ii), two POVMs II, :ch'f and
II, = Héz'of are perfectly correlated in p. This proves (iv) = (i). The equivalence
(1) <= (v) is straightforward from the property of trace and the proof is completed. [

Let X be an observable on H. The spectral measure of X is the projection-valued POVM
E¥ such that E¥(p) = p(X) for any polynomial p. For any Borel function f on R, the oper-
ator f(X) is defined by f(X) = EX(f).

We say that two observables X and Y are perfectly correlated in a state p iff EX and EY
are perfectly correlated in p. From Proposition 2.1, X and Y are perfectly correlated in p if
and only if one of the following equivalent conditions holds:

(i) Tr[E*(4)E¥ (I')p] = 0 for any disjoint Borel sets 4, " € B(R).
(ii) TIEX(A)EY(I')p]= Tt[E¥(A N I')p] for any 4, € B(R).
(iii) TI[EX(A)EY(Ip]= Tr[EY(4 N T)p]for any 4, € B(R).

The following theorem restates Theorem 2.2 for observables.

Theorem 2.3. For any observables X, Y, state p, and unitary operator U on 'H, the following
conditions are all equivalent.

(1) X and Y are perfectly correlated in p.
(1) f(X) and f(Y) are perfectly correlated in p for any real-valued Borel function f.
(ii1) f(X) and f(Y) are perfectly correlated in p for any bounded real-valued Borel function f.
(1v) f(X) and f(Y) are perfectly correlated in p for a bijective Borel function f from R to a
Borel set Q € B(R).
(v) U'XU and U'YU are perfectly correlated in U'pU.

From the above theorem, the perfect correlation between two not necessarily bounded
observables X and Y can be reduced to the perfect correlation of a pair of bounded observ-
ables, say, tan~'X and tan”'Y.



M. Ozawa | Annals of Physics 321 (2006) 744-769 749
3. Characterizations of perfectly correlated observables

The cyclic subspace of 'H spanned by an observable X and a state vector ¥ € H is the
closed subspace C(X, ) defined by

C(X, ) = the closure of {f(X)y € H|f € B(R)}.

Denote by C;(X,y) the unit sphere of C(X,y) and by Py, the projection of H onto
C(X,¥). A closed subspace of H is said to be invariant under X iff it is invariant under
all projections E¥(4) for A4 € B(R). Since C(X,y) is invariant under X, the projection
Py, commutes with E¥(4) for all 4 € B(R). Then we obtain the following theorem.

Theorem 3.1. For any two observables X and Y on H and any state vector € 'H, the
following conditions are equivalent.

(1) X and Y are perfectly correlated in 1.
(ii) X and Y are perfectly correlated in any ¢ € C\(X, ).
(iii) EX (MW = EY (AW for any 4 € B(R).
(iv) f(XW = f()Y for any f € B(R).
(V) f(X)Pyy = f(Y)Pyx, for any [ € B(R).
(Vl) PX,z// = PY,:// and XPX[// = YPY’./,.

Proof. Suppose (i) holds. Let 4 € B(R). Then, we have
IEX (4)y — E" (A)p”
= [EX(A)[* = (E* (A)p, EY (A)p) — (EY (A, EX () + [ E" (A)y|)* = 0.

Thus, we have EX(4)y = EY(A)y for every 4 € B(R), and the implication (i) = (iii) fol-
lows. Suppose (iii) holds. The set of Borel functions f'€ B(R) satisfying f(X){y = f(Y){
is closed under the linear combination, the uniform convergence, and includes all charac-
teristic functions y, for 4 € B(R), so that f(X)y = f(Y)¥ holds for every '€ B(R). Thus,
the implication (iii) = (iv) follows. Suppose that condition (iv) holds. Then, we have
f(XNg(XY =f(Y)g(Y)y =f(Y)g(X)y for any f, g € B(R). Since every ¢ € C(X, ) is a
limit of vectors of the form ¢ = g(X)y for some g € B(R), we have f(X)Py, = g(Y)Pxy.
Thus, the implication (iv) = (v) follows. Suppose that condition (v) holds. The implication
(v) = (iv) trivially holds, and hence we have C(X,y) = C(Y,y) and Py, = Py,. Letting
f= . in condition (v), we have E*(A)P xy=E AP v.y» and hence the spectral measures
of the self-adjoint operators XPy, and YPy,, are the same, so that they are identical.
Thus, the implication (v)=-(vi) follows. Suppose that condition (vi) holds. Let
¢ € C(X,y) and 4,T € B(R). By the assumption we have EX(I') Py, = E"(I')Py,, so that
we have EX(I')¢ = EY(I')¢$, and hence

(EX(4),E"(I')$) = (E*(4)$,E*(I)d) = (¢.E (AN T)¢).
It follows that X and Y are perfectly correlated in ¢, and hence the implication (vi) = (ii)

follows. Since the implication (ii) = (i) is obvious, the proof is completed. [

It should be noticed that condition (vi) above does not imply the relation Xy = Y,
since iy may not be in the domain of X or Y. However, for any rapidly decreasing f,
ie., f € S(R), we have f(X)y is in the domains of X and Y, and that the self-adjoint exten-
sion of XPy,, — YPy,, coincides with the zero operator.
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For bounded X and Y, condition (vi) above is equivalent to that X¢ = Y¢ for all
¢ € Ci(X,y), and the later condition means that the observable X — Y has the definite val-
ue zero in state ¢, so that it is an interesting question to ask whether the relation

Xy =Yy (5)
ensures that X and Y are perfectly correlated in . If bounded observables X and Y com-
mute, by multiplying f(X) to the both sides we have Xf(X)y = Yf(X)y for all f€ B(R) so
that we have XPy,, = YPy,, and hence X and Y are perfectly correlated in . Busch et al.
[9] pointed out that Eq. (5) does not ensure that X and Y are identically distributed in .
Here, we shall show that even unitarily equivalent X and Y satisfying Eq. (5) may fail to be
perfectly correlated. Let X, Y, and y be two 4 x 4 matrices and a four-dimensional column
vector such that

1 100 1 100 1
1 100 1 0 00 0
X = ; Y = 5 lp pr—
00 1 1 00 1 1 0
0 010 0 0 11 0

Then, it is easy to see that X and Y are unitarily equivalent and satisfy Eq. (5). However,
we have (Y| X°[y) = 4 but (Y| Y’|y) = 3. Thus, the third moments of X and Y are different,
so that the observables X and Y have different probability distributions in ¥, and hence
from Proposition 2.1 they cannot be perfectly correlated.

Let X be an observable on H and p a state on H. The cyclic subspace of H spanned by
observable X and state p is the closed subspace C(X, p) defined by

C(X, p) = the closure of {f(X)y € H|f € B(R), ¥ € ran(p)}. (6)
Then, it is easy to see the following relation
C(X, p) = the closure of U C(X, ). (7)
yeran(p)

In particular, we have C(X, |y)(y|) = C(X,y) for any state vector iy € H. Denote by
Ci(X, p) the unit sphere of C(X,p) and by Py, the projection of H onto C(X,p). Since
Py, =\/yeran(p)Px.y» We have [PX,p,EX(A)] =0 for all 4 € B(R). Denote by S(X, p) the
space of states supported in C(X, p), i.e.,

S, p) = {0 € S(H)| ran(o) € C(X, p)}. (8)

It is easy to see that the following conditions are equivalent: (i) ¢ € S(X, p). (ii) Px,,0 = 0.
(i) 6Py, = 0. (iv) Px,0Px,= 0.
Then, we obtain the following characterization of perfect correlation in a mixed state.

Theorem 3.2. For any two observables X and Y on H and any state p on 'H, the following
conditions are equivalent.

(1) X and Y are perfectly correlated in p.

(1) X and Y are perfectly correlated in any \ € ran(p).
(iii) X and Y are perfectly correlated in any € C1(X, p).
(iv) X and Y are perfectly correlated in any o € S(X, p).
(v) EX(M)p = E¥(A)p for any A € B(R).
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(Vi) f(X)Px,, = f(Y)Py,, for any f € B(R).
(Vll) PX,/)= PY,p and XPX’p= YPY’/,.

Proof. Suppose (i) holds. Let 4 € B(R). From Proposition 2.1, we have

IE* (4)v/p — E" (4)v/plls
= Tr[E* (4)p] — Tr[E¥(4)E"(4)p] — Tr[E" (4)E" (4)p] + Tr[E" (4)p] = 0,

where |-|lzs stands for the Hilbert-Schmidt norm. It follows that we have
EX(M)p = E¥(A)p, and hence the implication (i)= (v) follows. The implications
(v) = (i1), (i) = (iii), and (iii)) =(vi) follow easily from the implications (iii) = (i),
(1) = (ii), and (ii) = (iv) in Theorem 3.1, respectively. Assume condition (vi). It follows
immediately that f(X)y =f(Y)¥ for all ¥ €ran(p), so that from Eq. (6) we have
C(X,p) = C(Y,p) and Py, = Py,,. Then, by assumption we have E*(4)Px, = E"(4)Py,,
for all 4 € B(R), and hence we conclude that XPy, , equals YPy , since their spectral mea-
sures coincides. Thus, the implication (vi) = (vii) follows. Assume condition (vii). Suppose
o € S(X,p). Then Py ,0 =g, so that E¥(4)g = E¥(4)c and it is easy to see that X and ¥
are perfectly correlated in o, and the implication (vii) = (iv) follows. The implication
(iv) = (i) trivially holds and the proof is completed. [

For observables with a complete orthonormal family of eigenvectors (discrete observ-
ables), we have the following important characterization of perfectly correlating states.

Theorem 3.3. Two discrete observables X and Y are perfectly correlated in a vector
state \ if and only if W is a superposition of common eigenstates of X and Y with
common eigenvalues.

Proof. Suppose that X and Y are perfectly correlated in a state y. Then, C(X, ) is gener-
ated by eigenstates of XPy ,, = YPy . Thus, i is a superposition of common eigenstates of
X and Y with common eigenvalues. Conversely, suppose that i is a superposition of com-
mon eigenstates of X and Y with common eigenvalues. Then, the subspace S generated by
those eigenstates is invariant under both X and Y and includes . Thus, C(X,y) C S, and
X =Y on C(X,¥), and hence from Theorem 3.1, we conclude X and Y are perfectly cor-
related in . O

We say that two observables X and Y are identically distributed in a state p iff
Ti[EX(4)p] = Tr[E¥ (4)p] for all 4 € B(R). Then, we have the following.

Theorem 3.4. For any two observables X and Y on 'H and any state p € S(H), the following
conditions are equivalent.

(1) X and Y are perfectly correlated in state p.
(ii) X and Y are identically distributed in any € C,(X, p).
(iii) X and Y are identically distributed in any state p € S(X, p).

Proof. Suppose (i) holds. Let 4 € B(R). From Theorem 3.2, we have E¥X(A)oc = E¥(A)c
for any ¢ € S(X, p). Thus, (iii) holds, and (i) = (iii) follows. The implication (iii) = (ii)
is obvious. Suppose that (ii) holds. Let ¥ € C,(X, p). Let 4, I' be disjoint Borel sets in
B(R). Then, EX(4)y € C(X, p), and hence



752 M. Ozawa | Annals of Physics 321 (2006) 744-769

(EX (), ET(D)EX (A)y) = (EX(A), EX(D)E* (A)y) = 0.
Thus, by the Schwarz inequality we have

[(EX (), EX(DW)[* < |EY(DEX(A)W|* = (EX (), E"(DEY (4)y) = 0.
It follows that (i) holds. Thus, the proof is completed. [

It should also be noticed that even two identically distributed commuting observables X
and Y may fail to satisfy Eq. (5). To see this, suppose that H = K ® K for some Hilbert
space K. Let X=A4 ® [ and Y =1® A for some bounded operator 4 on K and = ¢
® ¢ for some state vector ¢ € K. Then, we have (Y|EX(A))=(P|E*(4)|¢p
Y= WIEY (A)y) for all 4 € B(R), and hence they are identically distributed. However,
we have (X — Y)Y = A¢p ® ¢ — ¢ ® A¢p, and hence Eq. (5) does not hold unless ¢ is an
eigenvector of A.

4. Transitivity of perfect correlations

We denote by { X = Y} the subspace spanned by all states iy € H such that X and Y are
perfectly correlated in ¥, i.e.,

{X =Y} ={y € HEX(A)y,E"(I')y) = 0 for all disjoint Borel sets 4, I'}.
We shall call {X = Y} the perfectly correlative domain for X and Y. Then, we have

Theorem 4.1. The space {X = Y} is the largest closed subspace K of H satisfying the
following conditions.

(i) K is invariant under X and Y for all A € B(R).
(i) EX (A = EY (AW for all A € B(R) and y € K.

Proof. Assume y€{X = Y}. Then, we have EX(A)EX(I')y = EX(ANT)yy =E"(4NT)y
= EY(N)EY ()W = EY(A)EX(I'W. Thus, {X =Y} is invariant under X, and similarly
under Y. The space {X = Y} satisfies condition (ii) obviously from Theorem 3.1. Assume
that K satisfies conditions (i) and (ii). Let yy € K. Then, from (ii) we have y€{X = Y}, and
hence { X = Y} is the largest. [

From the above theorem, yc{X = Y} if and only if C(X, ) C {X = Y}. The following
theorem shows that the perfect correlation in a given state is an equivalence relation be-
tween observables.

Theorem 4.2. For any observables X, Y, Z, we have {X =X} ="H, {X=Y}={Y= X},
and {X=Y}N{Y=Z}c{X=Z}.

Proof. The relations {X =X}=H and {X=Y}={Y=X} are obvious. Let

Ye{X=YNn{Y=Z} and f€ B(R). Then, we have f(X)y =f(Y)¢ and f(Y)¥ =f(2)y,
so that f(X)y =f(Z). Since [ is arbitrary, we have € {X = Z}. Thus, we conclude
(X=YIn{Y=Zlc{Xx=2}. 0O

We denote by [[X = Y]] the projection of H onto {X = Y}. From Theorem 4.1 we have

[EY(4) = E"(A)][[X = Y]] =0 ©)
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for all 4 € B(R).

Theorem 4.3. For any two observables X and Y on 'H and any state p on 'H, the following
conditions are equivalent.

(1) X and Y are perfectly correlated in p.
(ii) ran (p) (X = Y}.
(iii) X = ¥]lo = p.
(iv) p[[X =Y]]=p.

Proof. Suppose that X and Y are perfectly correlated in a state p. Let € ran(p) \ {0}.
Then, = \/p¢ for some vector ¢ € H. For any disjoint 4,I" € B(R) we have

(EX (A, E" (D)) = 191(¢/ 1911, vPE* (A)E" (I)\/po/ b1}
< @I Tely/PE" (H)E" (I)/p] = 0.

Thus, € {X = Y}, so that ran(p) < { X = Y}, and the implication (i) = (ii) follows. The
implication (ii) = (iii) is obvious. Suppose [[X = ¥]]p =p. From Eq. (9), we have
EX(A)p = E¥(A4)p and hence X and Y are perfectly correlated in p, and the implication
(iii) = (i) follows. The equivalence (iii) <= (iv) follows immediately from taking the ad-
joint of the both sides of relation (iii) or (iv). O

For two observables X, Y, and a state p, we denote by X'=, Y iff X and Y are perfectly
correlated in p. The following theorem shows that the relation =, is an equivalence relation
between observables and in particular it is transitive.

Theorem 4.4. For any observables X, Y, Z, and state p, we have (i) X=,X, (i) if X=, Y
then Y=, X, and (iii) if X=, Y and Y=, Z then X=, Z.

Proof. From Theorems 4.2 and 4.3, statements (i) and (ii) follow easily. Suppose X=, Y
and Y=, Z. Then, from Theorem 4.3 we have ran(p) c {X = Y} and ran(p) c {Y = Z},
and hence ran(p) c {X = Y} N {Y = Z}. From Theorem 4.2, we have ran(p) c {X = Z},
so that we have shown X' =, Z, and statement (iii) follows. [

5. Joint distributions
5.1. Perfect correlations and joint probability distributions

Let Xand Y be two observables on H. We say that X and Y commute on a closed subspace
K C H iff K is invariant under X and Y and [E*(4), EY(I')ly = 0 for all A4,I" € B(R) and
Y € K. The commutative domain of X and Y is defined to be the set com (X, Y) of those vec-
torsy € M suchthat[EX(4),EY(I')ly = Oforall 4, I € B(R).Itisclear that if Xand ¥ com-
mute on K then X C com(X, Y). It can be easily seen that com (X, Y)isinvariant under X and
Y; in fact, if Y ecom(X,Y), we have EY(4)EY(A)EX(4:3) = EX(4,)E*(45)
EY (A = EX(4y N A)EY (Ao)y = EV(A)EX (A N A3)y = EV (A)EX(A)EX (43), 50
that EX(43)y € com(X, Y). Thus, com(X, Y) is the largest closed subspace on which X
and Y commute; see Ylinen [10]. Let Cy, y denote the projection of H onto com (X, Y). Then,
we have
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[E*(4), E"(I')]Cxy =0 (10)

forall A4, € B(R). The following theorem generalizes Yilnen’s theorem [10] on character-
ization of pure states in com (X, Y) to mixed states.

Theorem 5.1. For any state p, the following conditions are equivalent.

(i) Cx.yp = p.
(ii) There is a spectral measure E on B(R?) such that E(Ax Ip = EX(A) n EY(I)p for all
A4,I € B(R).
(iii) The function A x I+ Tt[EX(A) A EY(I')p]on B(R) x B(R) extends to a probability
measure on B(R?).
(iv) EX(MEY(I)p = EY(I)EX(A)p for all A,T € B(R).

Proof. Since XCy yand YCy yare commuting self-adjoint operators, there is another self-
adjoint operator Z and two real-valued Borel functions f, g such that XCy y = f(Z) and
YCx.y=g(Z) [2]. Let E be the spectral measure on B(R?) defined by E(4xTI)=
E“(f " (4)ng '(I) for all A, € B(R). Let A,I' € B(R). We have E(4AxT)Cy.y
= E“(f 1 (A)E“(g () Cx.y = EX(N)EY(I'Cx.y = E¥(4) A EY(I'Cx.y. Thus, it is easy
to see that the implication (i) = (ii) follows. The implication (ii) = (iii) follows obviously.
Assume condition (iii). Let u be the probability measure on B(R?) such that
w(AxT)y=TH{EX(4) A EY(I')p]. Let P=EY(I') — EX(A) A E¥(I') — EX(R\ 4) A EV(I).
Then, P is a projection and EX(A)P = EX(A)EY(I') — EX(4) A EY(I'). By the countable
additivity of u, we have Tr[(P\//_))T(P\//_))] =Tr[Pp] = u(RxT') — p(4 x I') — u((R\ 4)x
I') =0. Thus, we have P\/p =0 so that EX(A)Pp =0, and hence we have E*(A)
EY(I'p = EX(A)AEY(I')p. By symmetry, we also obtain EY(I'E*(4)p = EX(4) n EY(I')p.
Thus, the implication (iii) = (iv) follows. Assume condition (iv). Then, we have py €
com (X, Y) for all € H. Thus, Cx ypy = py for all € H, and hence the implication
(iv) = (1) follows. O

Observables X and Y are said to be compatible in a state p iff Cy yp = p, and they are
said to have the joint probability distribution in p iff there is a probability measure /)" on
B(R?) satisfying

wy " (4 x T) = Tr[EY(4) NE"(I')p] = Tr[E"(D)EY(4)p] = Tr[EY(A)E"(M)p]  (11)

for all A4, I" € B(R). Theorem 5.1 shows that X and Y have the joint probability distribu-
tion in p if and only if they are compatible in p.

Two observables X and Y are called jointly measurable in a state p iff they have the joint
probability distribution ;" and satisfy the following relations

1 (4 x T) = Tr[EX (A)E (D)E¥(4),), (12)
17 (4 x T) = Te[EY (D)EY (4)E" ()] (13)

for any A, I € B(R). The above relations ensure that the theoretical joint probability of
the event “X € 4 and Y € I'”’ is obtained as the joint probability of outcomes of the suc-
cessive projective measurements of projections E¥(A4) and EY(I') irrespective of the order
of the measurements [11]. Moreover, for discrete observables X and Y, the above relation
ensures that the the joint probability distribution of the outcomes of the successive projec-
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tive measurements of observables X and Y coincides with the joint probability distribution
)" irrespective of the order of the measurements.

Theorem 5.2. Every pair of observables X and Y compatible in a state p is jointly measurable
in the state p.

Proof. The assertion follows immediately from Theorem 5.1. [
Denote by D the diagonal set in R?, i.e., D = {(x, y) € R* | x = y}.

Theorem 5.3. Two observables X and Y are perfectly correlated in a sate p if and only if X
and Y are compatible in p and the joint probability distribution is concentrated in the diagonal
set, Le., ,uff’Y(R \D)=0.

Proof. If x # y, there is a rational number ¢ such that x <g <y or y < ¢ <x, and hence it
is easy to see that

R\D = J(—00,9) x (g,00) U | J(g,0) x (—00,9), (14)

q€Q q€Q

where Q stands for the set of rational numbers. Suppose that X and Y are perfectly cor-
related in p. Then, we have EX(AN)EY(INp=EX(4ND)p=E"(ANT)pEY(NEY(4)=
EY(A)EX(A)p, and hence X and Y are compatible in p. Accordingly, the joint probabil-
ity distribution satisfies u)"((—00,q) x (¢,00)) = 1£)"((g,00) x (—00,q)) =0, so that
,uff YR\ D) =0. Conversely, suppose that X and Y are compatible in p and
" (R\D) = 0. Let 4,I' € B(R). In general, we have (Ax ) ND=[Rx(4NI)]ND.
Thus, if ANT =@, we have

TrEY (A)E" (I)p] = 17 (4 x I)N D) = w (R x (4N )] ND) =0, (15)

so that X and Y are perfectly correlated in p. [

Let ¢>0. Let-- - <u_; <py<p <---be a partition of the real line R such that
Wi+1 — w<eforallj. Let X, and Y, be & approximations of observables X and Y defined
by X, =Y jeziEX (4)) and Y, = 3 icz,E” (4)), where A; = [, tj+) and 4, € 4, If X and ¥
are discrete observables, there are ¢ approximations X, and Y, such that X = X, and
Y = Y,. From Theorems 5.2 and 5.3 we conclude that two observables X and Y perfectly
correlated in a state p have the joint probability distribution concentrated in the diagonal
set and that each instance of the successive projective measurements of any ¢ approxima-
tions X, and Y, gives the same output irrespective of the order of the measurements for any
e>0.

5.2. Perfect correlations and quasi-probability distributions

In [12], Urbanik introduced the following formulation for the quasi-joint probability
distribution for any pair of observables, generalizing the quasi-joint probability distribu-
tion of the position and the momentum first studied by Wigner [13] and Moyal [14]. Let u
be a probability measure on B(R?). To any pair of real numbers x, y there corresponds the
family of lines S** given by the equation ax + by = ¢, where ¢ € R. Letting for every Borel
subset 4 c R
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Hap(4) = <U Si“b> (16)
ted

we obtain a probability measure on R. It is well-know that u is determined uniquely by the

family of probability measures t,,. We suppose that for all pair of real numbers a, b the

linear combinations aX + bY are self-adjoint operators on H. Consequently, for every pair

a, b € R and every state vector y the probability distribution of aX + bY is defined by

I (A) = (b B (A)) (17)

for all 4 € B(R). Given a state vector , a probability measure x on R? is said to be the
Jjoint probability distribution of observables X and Y iff u,, is equal to uf;f”by . The joint
probabillty distribution so defined is uniquely determined, provided it exists. We shall de-
note by v " the joint probability distribution of X, Y in . We also denote by oY . the char-
acteristic functlon of the probability distribution ,u"X”’Y

DY, (1) = (W, "Xy

for all ¢ € R. Then, from Bochner’s theorem it is easy to see that observables X and Y have
the joint probability distribution in a vector state € H if and only if the function <I>‘/’ (D)
of two variable 7, s is a continuous positive definite function on R>.

Theorem 5.4. For any observables X, Y and any state vector s, the following conditions are
equivalent.

(1) X and Y are perfectly correlated in 1.
(11)<P (1) = <I>§bﬂo( ) for any t,s € R and ¢ € C,(X,y)
(iii) @%(1) = @,(1) for any (€ R and ¢ € C\(X, ).

Proof. Assume (i) holds. Then, we have XPy, = YPy,, so that ¢* VP, ="
" Pyy =" Py, =" TPy, Let ¢ €Ci(X,¥). Then, we have ®f(1)=
<q§ ell tX NPy d) = (¢, 9% ), and hence the implication (i) = (ii) follows. The implica-
tion (ii) = (iii) is obvious. Assume (iii) holds. Then, we have
(¢, @) = (d,e" ¢)
for all r € R. It follows that X and Y are identically distributed in ¢. Since ¢ € C;(X, ) is
arbitrary, the implication (iii) = (i) follows from Theorem 3.4. [

Our approach is more coherent with the following definition of ‘“‘characteristic func-
tions.” We define a function ‘I‘ib on R by

Wy, (1) = (e "y, ey

for all £ € R. It is easy to see that ‘I’Zo(t) = (D;/:,o(t) and ‘I’('{a(t) = @3#(;) for all a,b,t € R.
Then, we have

Theorem 5.5. For any observables X, Y and any state vector \, the following conditions are
equivalent.

(1) X and Y are perfectly correlated in .
(ii) ‘P;ﬁ( ) = Y’;”HO( ) for any t, s € R.
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Proof. Suppose (i) holds. From Theorem 3.1 we have ¥y = ¢**y, and hence
L) = (e, eTy) = (e ey = (1)

for any ¢, s € R. Suppose (ii) holds. We have
ey — e y||> =2 — 2Re(e™y, e ) =2 — 2Re¥_,,(1) = 0.

Thus, we have ey ="My for any ¢ € R. Since the von Neumann algebra generated by
all e with 7 € R coincides with that of all /(X) with f € B(R), the set of Borel functions f
satisfying f(X)y = f(Y)y includes B(R), and the implication (ii) = (i) follows. O

6. Perfect correlations and entanglement
6.1. Bipartite perfect correlations

The notion of perfect correlation in quantum theory was discussed first by von Neu-
mann [2] to establish a quantum mechanical description of a process of measurement
and is closely related to the notion of entanglement recently discussed quite actively in
the field of quantum information [3]. In what follows we shall discuss some examples in
these fields.

Let K, and KC; be two Hilbert spaces and suppose H = K ® K,. Every state vector
has two orthonormal sequences {¢;} and {¢;} such that

v=> Vp;®& (18)

where p;> 0 and _; p; =1 [2]. The above decomposition is called the Schmidt decomposi-
tion of . Then, the amount of entanglement [3] of ¥ is defined by

= _ij lngj' (19)
J

Let p; = Tro|y)Xy| and p, = Try|y)y|, where Tr; stands for the partial trace over K, for
I=1,2. Then, E(¥) = S(p1) = S(p2), where S stands for the von Neumann entropy,
ie., S(p) = —Tr[p;logp;][2]. Let X and Y be observables on H defined by X' = > ;A [¢p;X /]
and Y=3,A1&)XE]  with  nondegenerate eigenvalues {/;}. Then, we have

EX@I({A_ })lﬁ EY({u DY) =, /D (¢, @ &y by @ &) = 04p;, and hence we can conclude
that X ® I and I ® Y are perfectly correlated in 1.

Theorem 6.1. Suppose H = K1 @ K, with dim(H) < oco. Let y be a state on H. For any two
observables X on ICy and Y on ICy, the observables X @ I and I @ Y are perfectly correlated in
W if and only if there is a pair of orthonormal basis {¢;} of K1 and {&;} of Ky and a sequence
of nonzero real numbers i, ..., A, such that  has the Schmidt decomposition
lﬁ Zj 1\/—¢j ¢ with p;> 0 forall j=1, ..., n, and that X¢;= J;p; and YE;= A¢&; for
allj=1,
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Proof. Suppose that X ® I and /® Y are perfectly correlated in . Then, by Theorem
3.3 the state y is a superposition of common eigenstates with common eigenvalues
[, ... tm of X and Y. Let ¢, = [EX({i}) ® E"({w})]¥/ /@ where [[P>=1 for
all k=1,...,mWe have ¢ =>,, /gy, with ¢>0 and > g =1Let

Ve = Zj(,kl)\/ e ® 5 ® be a  Schmidt decomposition of Y. Then,
(X®1Wk PO 1\ 7 Pxgl @l and (X®1 Wy = 1 1\/ Pl © &l Since

5 ...,gfk,ze are 11near1y 1ndependent we have X 4)5 = o , , and s1m11arly We have
Yé —ﬂk‘fl Let = if Z,]()<]<les() let ¢;,= (l"zs —61’

VP = \/qkr,k if j=1+3)"1s(I), and let n =31 s(k). Then, we have a Schmldt
decomposition i = Z;:M/E—@@éj with the desired properties. The converse part
is obvious from the discussion preceding the present theorem, and the proof is
completed. [

6.2. Nonlocality without inequality

Let us consider the case where H = K; ® K, and K; = C? forj=1, 2. Let U, D be two
observables on C? having eigenvalues 1 and 0. Let Uy =U® I, Dy=D® I, U,=1® U,
and D, =1 ® D. Hardy [4] showed that any state vector iy € H shows nonlocality if it sat-
isfies

P, (U =0,Uy=1)=0, (20)
P,(Uy =1,D,=0)=0, (21)
Py(D; =1,U, = 0) =0, (22)
Py(D; = 1,D, =0) >0, (23)

where Py (4 =a, B=>b)=(E'(la})y, E®({b})}) for A= U,, Dy, and B= U,, D,, and
a,b=0, 1, and showed that actually we can find such observables U and D for any state
Y unless  is a product state or a maximally entangled state. This failure of Hardy’s non-
locality proof for the class of maximally entangled states has been explained by Cereceda
[15] as follows: the perfect correlation for pairs (U, U,), (U, D,), and (D, U,) necessarily
entails perfect correlation for the pair (D;, D,). Now, we shall show that Cereceda’s argu-
ment can be considerably simplified by appealing to the general property of the transitivity
of perfect correlations.

Let i be a general state vector in H. Then, we have a Schmidt decomposition of ¥ such
that

Y=/ @ N+ /P2l @1, (24)

The numbers 0 < p» < p; are uniquely determined with p; + p> =1, and if p; # 1/2, 1, the
vectors &; ® 17 and &, ® 1, are uniquely determined up to constant factors. The essential
part of Hardy’s proof of nonlocality is that if 1/2 < p; < 1, we can always find observables
U and D such that U= D while they satisfy Egs. (20)—(23). Now, suppose that i/ is max-
imally entangled, ie., p;=1/2. We shall show that Eq. (20) leads to
Py(U=1,U,=0)=0. Let {&y, &} be an orthonormal basis such that U= |&;}¢].
Expanding  in the basis {&;® &}jx — 01, we have y=);cil; ® &k Then, we have
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Py(Ui=j,Uy=k)= |cjk|2 for allj, k=0, 1. From Eq. (20), we have ¢q; = 0, and hence we
have

p1 =Tro|y) (Y
=lcool*|€o) (&0l + cooclol E0) (1] + crociol 1) (Eol + (lerol* + e ) EN (]

Since S(p;) = log 2, we have p; = I,/2, and hence |coo|* = 1/2 and 10y = 0, so that we
have Py, (U, =1, Uy=0) = |c;o| =0. Thus, Eq. (20) leads to U, =, U,. Similarly, Eq.
(21) leads to Uy =y D», and Eq. (22) leads to D, =, U,. Thus, by the transitivity of perfect
correlation, we conclude D, =, D,, or Py (D =j, D, =k)=0if j# k, and this contradicts
Eq. (23).

7. Characterizations of perfectly correlated POVMs
7.1. Joint dilations of POV Ms

For any POVM I1, there is a triple (K, &, L), called a Naimark-Holevo dilation of I, con-
sisting of a separable Hilbert space /C, a state vector ¢ € K, and an observable L on H ® K
satisfying

W' I(A)y) = (' ® & EX(A) (¥ ® &) (25)

for any ¥,y € H and 4 € B(R) [16]. We now extends the above notion to any pair of
POVMs. A joint dilation of POVMs I1y, I1, is a quadruple (K, ¢, X, Y) consisting of a sep-
arable Hilbert space /I, a state vector ¢ € K, and observables X, Y on H ® K, satisfying

(I (), I(D)y) = (EX(A) (' @ &), E"(N)(Y @ &)) (26)
for all 4, € B(R) and ,y/ € H. In this case, we have
Tr[I11(4) (1) p] = Tr[EX (A)E™(I)(p @ |€)(¢])] (27)

forall 4, € B(R) and p € H. The existence of the joint dilations is given in the following.
Theorem 7.1. Any pair of POV Ms has a joint dilation of them.

Proof. Let I1;, IT, be a pair of POVMs. Let (KC;,&;,L;) be a Naimark- Holevo dllatlon of
II; for j=1, 2. Let ¢y, ¢, ... be an arbltrary orthonormal basis of H. Let 171 ,172 ,... be
an orthonormal basis of K; such that 111 = ¢; for j=1, 2. Then, by repeated uses of the
Parceval identity, for any w ' € H and 4,T € B(R) we have

Z< (A, d) (e, T (D))
ZEL‘ YW ® &),y @ )y ® 60 X (DY @ &)
:Z (") @L)Y @& ®&E), ¢ @& ®E)

X (g @E @&, (BN 1) @& ®E))
=S NE L)W @& &), ¢ @ ©n?)

k,,m
x (¢ @i @ 0@ (ER(I )®Il)(tﬁ®él®éz)>

=(E"() L)W @& e &), (D) @) e & e b)),

(IL, (A)y', I1,(I'))

(1

—~
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where [; is the identity operator on ;. Thus, we have a joint dilation
(Ki @Ky &y @6, Li@h,Ly®1). O

Using joint dilations, perfect correlations between POVMs are reduced to those be-
tween observables.

Theorem 7.2. For any joint dilation (KC,£,X,Y) of a pair of POVMs Iy, I1,, the POV Ms
I1, and II, are perfectly correlated in a state p € S(H) if and only if X and Y are perfectly
correlated in p @ |EXE|. In this case, we have

I, (f)p = IL(f)p (28)
for any f€ B(R).

Proof. Let (KC,&,X,Y) be a joint dilation of IT; and II,. Then, from Eq. (27) it is easy to
see that I and I, are perfectly correlated in p if and only if so are X and Y in p ® |E)X¢|.
In this case, from Theorem 3.2 we have

EX(M)p @ &) (&l = E"(4)p @ [E)(¢]

for any 4 € B(R). Note that IT;(4) = VLE*(4)V: and ITy(4) = V.E" (A)V: for all 4, where
Vap =y ®¢ for any Yy € H. Let Yy € H. We have II,(4)py = VEEX(A)Véplﬁ =
VIEY (A)(p ® &) = VIE" (A)(py & &) = VIE¥(A)V :pyy = IT5(4)py, and by the standard
argument we have I1,(f)py = II,(f)py for any f€ B(R). Since y is arbitrary, we obtain
Eq.(28). O

7.2. Perfect correlations between observables and POV Ms

For any observable X and POVM I, we say that X and II are perfectly correlated in a
state p iff EX and IT are perfectly correlated in p. Now, we extend Theorem 3.2 to arbitrary
pair of an observable and a POVM.

Theorem 7.3. For any observable X, any POVM 11, and any state p € S(H), the following
conditions are equivalent.

(1) X and II are perfectly correlated in p.
(ii) X and II are perfectly correlated in any state o € S(X, p).
(iii) EX(A)p = I (M)p for any 4 € B(R).
(v) f(X)p = I (f)p for any f € B(R).
(v) f(X)Py., = Py, for any /€ B(R),

Proof. The implication (i) = (iv) follows from Theorem 7.2. The implication (iv) = (iii) is
obvious. The implication (iii) = (i) follows from the relations

Tr[EX (4) (') p] = Tr[EY (4)E" (D)p] = Tr[EX (AN T)p), (29)

for any 4,I € B(R). Now, we shall show the implications (i) = (v) = (ii) = (i). Sup-
pose that condition (i) holds. Let (C,&,L) be a Naimark-Holevo dilation of II. Then,
it is easy to see that (K,& X ®I,L) is a joint dilation of E* and II. It follows from the
assumption and Theorem 7.2 that X ® I and L are perfectly correlated in p ® |EXE],
and hence
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JX)py &= f(L)(py @) (30)
for any fe B(R) and Yy €H. Let ¢ € H. Then, we have f(X)g(X)py ® &=
S(L)g (L) (py @ &) =f(L)(g(X)py ® &) for any f, g € B(R). Thus, we have

SX)gX)py = VL (X)g(X)py ® &) = VLA (L)(g(X)py @ €)

= VL (L)Veg(X)py.
Since the vector of the form g(X)py with g € B(R), y € H spans C(X, p), we obtain
f(X)Py, =VLf(L)VePy,,

and hence the implication (i) = (v) follows. Suppose that condition (v) holds. Let
0 € S(X,p) and 4,T € B(R). Then, Py 0 = ¢ and we have EX(I')g = I1(I')o. Thus,

Tr[EX (A)I1(I')o] = Tr[EX(4)E* (I)s] = Tr[EX (4N o).

It follows that X and Y are perfectly correlated in o, and hence the implication (v) =- (ii)
follows. Since the implication (ii) = (i) is obvious, the proof is completed. [

8. Perfect correlations in measurements
8.1. Quantum instruments and measuring processes

A measuring process for H is defined to be a quadruple (K, &, U, M) consisting of a sep-
arable Hilbert space /C, a state vector ¢ in K, a unitary operator U on H ® K, and an ob-
servable M on K [17]. It is a plausible hypothesis in the theory of measurement that to any
measuring apparatus A (x) with output variable x for a system S described by a Hilbert
space H, there corresponds a measuring process (K, &, U, M) such that K describes the
probe P prepared in ¢ just before the measurement, U describes the time evolution of
the composite system S + P during the measuring interaction, and that M describes the
meter observable to be actually observed just after the measuring interaction [17-
20,11,21]. Then, the probability distribution of the output x on input state p is given by

Pr{x € 4| p} = Tr[(l @ E¥(4))U(p ® |€) (&)U, (D)

and the conditional output state p(x < 4; of the apparatus on input state p given the out-
come x € 4 is described by

praesy = DU @ ENA)U(p | U
BT T[T @ EM(4)U(p @ [€)(E)UT]

(32)

where Try stands for the partial trace over K.

Two measuring apparatuses A(x), A(y), or corresponding measuring processes are
called statistically equivalent iff they have the same output distributions and the same con-
ditional output states on each input state, ie., Pr{x € 4|p} =Prly € 4|p} and
Pixeay = Piy e 4y for all p € S(H) and 4 € B(R). The statistical equivalence classes of
all the measuring processes are characterized by completely positive map valued measures
as follows.

Denote by tc(H) the space of trace class operators on H and by L(tc¢(H)) the space of
bounded linear transformations on tc(H). A linear transformation 7 € £(tc(H)) is called
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completely positive iff T ® id, € L(tc(H ® C")) is a positive transformation for any posi-
tive integer n. Denote by CP(tc(H)) the space of completely positive maps on tc(H).
An instrument is a countably additive normalized completely positive map valued measure
from B(R) to L(tc(H)), i.e., a mapping Z : B(R) — CP(tc(H)) satisfying that Z(R) is
trace-preserving and Z;'ZII (4;) = Z(R) in the strong operator topology for any disjoint
Borel sets 4y, 4,, ... such that U4, =R [17].

For any instrument Z and state p, the relation

1 (4) = Tr(Z(4)p) (33)

defines a probability measure on B(R) called the output distribution of 7 on input state p,
and the state

Z(4)p

TH{Z(4)p) el

is called the output state of T on input state p given A [22]. The dual map of Z(4) is the
linear transformation Z(4)" on £(H) defined by
Tr[(Z(4) A)p] = TrlAZ(4)p) (35)

for all 4 € L(H), p € tc¢(H), and 4 € B(R). Then, Z(4)" is a normal completely positive
map on L(H) [23] and especially Z(R)" is unit-preserving. The relation

I (A) =T(A)'1, (36)
where 4 € B(R) defines a POVM, called the POVM of Z, which satisfies
W (A) = Tr[IT (4)) (37)

for all 4 € B(R) and p € S(H).
For any measuring process M = (K, &, U, M), the relation

In(d)p = Tr[(I @ EY(4)U(p & |E)(E)U], (38)

where p € S(H) and 4 € B(R), defines an instrument Zy, called the instrument of M.
Then, the POVM of 7 is called the POVM of M and denoted by ITy;. We have

My(4) = In(4)'T = Tre[UT(I @ EY () U1 @ |€)(E])] (39)
for all 4 € B(R). For all p € S(H) and 4 € B(R), we have
Pr{x € 4|| p} = Tr[Zm(4)p] = Tr[ITy(4)p] (40)
and
Z(4)p

p{xeA} TI‘[I(A)p} ) (41)
provided Tr[Z(4)p] > 0. Thus, two measuring processes are statistically equivalent if and
only if they have the same instrument.

Conversely, it has been proved in [17] that for any instrument Z, there exists a measur-
ing process M = (K, &, U, M) such that 7 = Zy. Thus, every instrument corresponds at
least one measuring process, and therefore the instruments are in one-to-one correspon-
dence with the statistical equivalence classes of measuring processes.
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8.2. Precise measurements of observables

Once the notion of measurement has been fully generalized by the notion of instru-
ments, a fundamental problem is to recover the conventional notion of measurements
of observables in this general formulation. In what follows, we shall give an answer to this
problem in the light of the notion of quantum perfect correlations.

According to a fundamental postulate of quantum mechanics, if an apparatus A(x)
measures an observable 4 in a state p, the probability distribution of the output x on input
state p should satisfy the Born statistical formula (BSF)

Pr{x € 4|p} = Tr[E"(4)p], (42)

where 4 € B(R). From the above it is tempting to say that an apparatus A (x) measures ob-
servable 4 in state p iff it satisfies the BSF Eq. (42). However, to reproduce the probability
distribution of observable A in state p is a necessary but not sufficient condition for the appa-
ratus A (x) to measure 4 in p. For example, suppose H=K K, p=0Rc,and 4 =X ® [
and B = I ® Xforsome Hilbert space &, a state o of KC, and an observable X of . In this case,
we have Ti[E* (4)p] = Tr[E® (A)p] = Tr[E¥ (4)a], so that every apparatus A (y) measuring B
in state p also satisfies the BSF for 4 in p. However, we cannot consider that the apparatus
A (y) measures A4 in p as well as Bin p. Since 4 and B are independent observables in the sep-
arated subsystems, so that another apparatus A (x) may simultaneously measure 4 and may
obtain a different outcome of the 4 measurement. In this case, we can say that the apparatus
A (x) measures 4 but the apparatus A (y) does not.

To find a satisfactory condition to ensure that a given instrument Z measures A4 in p, let
us consider a measuring process M = (K, &, U, M) of Z. Suppose that we measure A4 at
time ¢ at which the system S described by Hilbert space H is in state p and that the mea-
suring interaction turns on from time ¢ to ¢ + Az. In the Heisenberg picture with the ori-
ginal state p @ |EX¢E], we write A(f) = A @ I, A(t + A1) = U' (4 ® U, M(t) =1 ® M, and
M(t+ At)= U'(I ® M)U. Then, to measure A(¢), this measurement actually measures
M(t + At), so that observables A(¢) and M (¢ + 4¢) should be perfectly correlated in the
original state p ®|EX¢|.

In the previous example, it is concluded that the meter observable of A (y) after the mea-
suring interaction, M (z + At), cannot be perfectly correlated with the observable 4 before
the interaction, A (7). In fact, M(z + At) should be perfectly correlated with the observable
B before the interaction, B(7), while A (7) and B(z) are not perfectly correlated before the
interaction. It follows from the transitivity of perfect correlations that 4(z) and M(z + At)
cannot be perfectly correlated.

It is also clear that given two ‘“meter” observables M; and M, in the external system
described by a Hilbert space K and given the original state p®|EXE| of H ® K at time ¢,
if both the pair of A4 (¢) and M, (¢ + At,) and the pair of 4(¢) and M,(t + At,) are perfectly
correlated in the original state, then we can conclude that both meters give the concordant
outcome from the transitivity of perfect correlations.

According to the above consideration, it is natural to say that a measuring process
M = (K, & U, M) precisely measures an observable A on input state p iff the observable
A®Iand U'(I® M)U are perfectly correlated in the state p ®|E)¢], and that an instru-
ment 7 precisely measures an observable A on input state p iff every measuring process
M for 7 precisely measures 4 on input state p. In the above, the adverb ““precisely” is used
to distinguish this case from any approximate measurements of the same observable.
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The following theorem shows that whether the measuring process M precisely measures
A on p is determined solely by the corresponding POVM.

Theorem 8.1. A measuring process M = (IC, &, U, M) precisely measures an observable A in
a state p if and only if the POVM of M is perfectly correlated with the observable A in the
state p.

Proof. The assertion follows immediately from the relations

Tr[(E'(4) @ NU(1 @ EY(I'))U(p ® |£)(E])] = Tr[E" (4)[Tw(I) ],
Tr(E'(4) @ I)(p ® |£)(E)] =Tr[E"(4)p]. O

The following theorem characterizes, up to statistical equivalence, the precise measure-
ments of an observable in a given state.

Theorem 8.2. For any instrument T with POVM Iz, any observable A, and any state p, the
following conditions are all equivalent.

(1) Z precisely measures A in p.

(ii) IT* is perfectly correlated to A in p.
(iii) IT* is perfectly correlated to A in any state ¢ € S(4, p).
(iv) Z satisfies the BSF for A in any state o € S(4, p).

(v) " (A)a = E*(A)a for any o € S(4, p) and A € B(R).
(vi) IT*(A)P4, = E*(A)P,,, for any A € B(R).

Proof. The assertion follows easily from Theorems 7.3 and 8.1. [

In the conventional interpretation of instruments proposed by Davies and Lewis [22],
an instrument Z is considered to precisely measure 4 in every state p iff it satisfies the
BSF for A4 in every state p. Since the BSF for 4 in a given state p does not ensure that
the instrument 7 precisely measures 4 in p, the above hypothesis lacks an immediate jus-
tification in the sense that it is not immediately clear whether this hypothesis excludes the
ambiguity of the simultaneous meter readings of the same observable. However, this
hypothesis has been finally justified by the above theorem, which concludes that 7 precise-
ly measures A4 in every state p if and only if Z satisfies the BSF for A4 in every state.

8.3. von Neumann’s model of repeatable measurement

It was shown by von Neumann [2] that a repeatable measurement of an observable
A= "a)d,) ¢, (43)

on H with eigenvalues a,, a5, ... and orthonormal basis of eigenvectors ¢, ¢», ... can be
realized by a unitary operator U on the tensor product H ® K with another separable Hil-
bert space K with orthonormal basis {&,} such that

U(¢, ® <) = ond, © ¢, (44)

where ¢ is an arbitrary state vector in /C, and «, is an arbitrary phase factor, i.e., |o,| =1,
for all n. Let
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M="a,l&,) (&, (45)

be an observable on K called the meter. von Neumann’s model defines an apparatus A (x)
with measuring process (K, ¢, U, M).

Let us suppose that the initial state of the system is given by an arbitrary state vector
W =>_,\/P.¢, Then, it follows from the linearity of U we have

U @& = VP, @& (46)

The conventional explanation as to why this transformation can be regarded as a measure-
ment is as follows; symbols are adapted to the present context in the quote below. “In the
state (46), obtained by the measurement, there is a statistical correlation between the state
of the object and that of the apparatus: the simultaneous measurement on the system—ob-
ject-plus-apparatus—of the two quantities, one of which is the originally measured quan-
tity of the object and the second the position of the pointer of the apparatus, always leads
to concordant results. As a result, one of these measurements is unnecessary: the state of
the object can be ascertained by an observation on the apparatus. This is a consequence of
the special form of the state vector (46), on not containing any ¢,, ® &, term with n #m
[24].” “The equations of motion permit the description of the process whereby the state
of the object is mirrored by the state of an apparatus. The problem of a measurement
on the object is thereby transformed into the problem of an observation on the apparatus
2417

The above explanation correctly points out the existence of the statistical correlation
between the measured observable 4 and the meter observable M in the state (46). Howev-
er, this is not the statistical correlation between the measured observable before the inter-
action and the meter observable after the interaction, but that between those observables
after the interaction. Thus, the above statistical correlation does not even ensure that the
probability distribution of the measured observable before the interaction is reproduced
by the observation of the meter observable after the interaction.

The role of the measuring interaction described by U should be to make the follow-
ing two correlations: (i) the correlation between the measured observable A before the
interaction and the meter M after the interaction, and (ii) the correlation between the
meter M after the interaction and the measured observable 4 after the interaction.
The first correlation is required by the value reproducing requirement that the interaction
transfers the value of the measured observable A4 before the interaction to the value of
the meter M after the interaction. The second correlation is required by the repeatability
hypothesis that if the meter observable M has the value a, after the interaction, then the
observable A also have the same value a, after the interaction so that the second mea-
surement of A after the interaction reproduce the same value of the meter of the first
measurement of A.

Now, we shall show that those requirements are actually satisfied. Let nq, 11, . .. be an
orthonormal basis of H such that 5y = &, namely an orthonormal basis extending {£}. Let
¥, be a unit vector in H defined by ¥,,,, = Ul(¢, ® ¢,,) for any n, m. Then, we have
Yo = ¢, ® ¢ and the family {¥,, ,,} is an orthonormal basis of . By simple calculations,
we have

ARI=AEE+ Y A0 n,) . (47)
m#0
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UNARNU =A@ [EE+ Y an V) (Ponl, (48)
n#m

U@ MYU =A@ (E|+ ) aul Prm)(Panl. (49)
n#m

where ), stands for the summation over all n, m with n # m. By the above relations it is
now obv10us that A ® I=U' (4@ )U=U'(I® M)U on their common invariant sub-
space H ® [£], so that those three observables are perfectly correlated in the state y®¢
for every state vector ¥ in H. Therefore, von Neumann’s model (IC, &, U, M) satisfies both
the the value reproducing requirement and the repeatability hypothesis.

The following theorem characterizes the unitary operators that fulfil the above two
requirements.

Theorem 8.3. Let {¢p,} and {{,} be orthonormal bases of 'H and K, respectively, and the
observables A and B be given by Eq. (43) and Eq. (45), respectively. Then, a unitary operator
UonH ® K and a state vector ¢ € K satisfy Eq. (44) if and only if (i) AQI and U'(I @ B)U
are perfectly correlated in y ® & and that (ii) U'(A @ DU and U'(I @ B)U are perfectly
correlated in y @ & for every state vector € H.

Proof. Suppose that U and ¢ satisfy Eq. (44). Without any loss of generality we assume
U(p,® &) =¢,® &, for all n; otherwise, we can replace &, by ¢,¢, without changing B.
Let y=>_,c,¢,. By linearity of U we have U(Yy®&E)=> ,c,d, @ &,. Thus, it follows from
the argument on the entangled state given Eq. (18), A ® I and I ® B are perfectly correlat-
ed in U(y ® &). By Theorem 2.3, U'(4 ® U and U'(I ® B)U are perfectly correlated in
Y ® & Thus, condition (ii) holds. Let {#,} be an orthonormal basis of K such that
n = &. Then, we have

U(EY(a,) @ 1) @ &) = U(|¢,) (¢, 1) ch¢j ®é=cU(,® &) =, ®E,,

and

(12 E (@)U @ &) = (1 @ [8,)(Enl) D e ® & = nhyy @ Ep

Thus, we have

(E*(a,) @ (b ® &), U1 @ E*(a,)) U ® &) = €,Cnnm,

and this shows that 4 ® I and U'(I @ B)U are perfectly correlated in  ® &. Thus, we have
proved the necessity of conditions (i) and (ii). Conversely, suppose that conditions (i) and
(ii) hold. Let y = ¢,.. Since 4 @ I and U'(I ® B)U are perfectly correlated in  ® &, we have

(I ®E%(a,))U($, ® &), U, @) = ((E'(an) ®1)($, @), (¢, ® ) =

Thus, U(¢,®¢&) = n,®¢&, for some state vector #,,. Since A ® I and I ® B are perfectly cor-
related in U(y ® &), we have

(E*(@n)n,,m,) = (B (an) @ 1)(n, ® &,), (0, ® &)
= (I ®E%(a,))(n, ® &), (n, ® &) = 1.

Thus, [7,X1,] = |¢n)Xdn|, so that U and & satisfy Eq. (44).
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Now, we return to von Neumann’s measurement model described by Eq. (44). The mea-
surement is said to satisfy the nondemolition condition, iff the measured observable is not
disturbed by the measuring interaction, so that 4 ® I and U'(4 ® I)U are perfectly corre-
lated in y ® &. As we have shown in Theorem 4.2 perfect correlations are transitive. Thus,
the perfect correlation between A ® I and U'(/ ® B)U and that between U'(4 ® I)U and
U'(I ® B)U implies the perfect correlation between 4 @ I and U'(4 ® I)U. In the same
way, we will be able to explain that two out of three conditions, (i) the valued reproducing
condition, (ii) the repeatability hypothesis, and (iii) the nondemolition condition, imply
the other one, as straightforward consequence of the transitivity of perfect correlations.

9. Concluding remarks

Let X, Y be a pair of (discrete) observables and i a state. Consider the following condi-
tions.

(1) (Equi-valuedness) No joint measurements of X and Y in , if any, give different val-
ues, 1.e.,

(EX(M), EN(T)h) = 0
ifANT=40.
(ii) (Reproducibility) Successive projective measurements of X and Y in y always give
the same value irrespective of the order of measurements, i.e.,

Y IESE (Il =D IE"(DE ({xhy|* =0

yel xed
ifAnT=40.
(iii) (Zero difference) The difference X — Y has the definite value zero in . i.e.,
X-Y)y=0.

(iv) (Identical distributivity) Independent measurements of X and Y in s have the iden-
tical output probability distribution, i.e.,

IE (A)y* = 1E" (4)|”
for any 4 € B(R).

In this paper, we have shown the following logical relations among the above conditions.
The following implications holds: (i) < (ii), (i) = (iii), (i) = (iv). However, none of the
implications (iii) = (i), (iii) = (iv), (iv) = (i), and (iv) = (iii) hold. If X and Y commute,
(i) < (iii) and (iii) = (iv) holds, but (iv) = (iii) still does not hold. To clarify the mutual
relations, we have considered the notion of the cyclic subspace C(X, ) or C(Y,y) and re-
quired conditions (iii) and (iv) to be satisfied by any state ¢ in C(X, ) or C(Y, ), as follows.

(iii) (X — Y)¢ =0 for any ¢ € C(X, ).

(i)' [E¥(4)¢* = |EY (4|’ for any 4 € B(R) and any ¢ € C(X, ).

Then, we have shown that all the conditions (1), (ii), (iii)’, and (iv)" are mutually equiv-
alent. According to this, we have proposed and justified to say that X and Y are perfectly
correlated in  iff one of the above equivalent conditions is satisfied.

We have also given an appropriate generalizations of the above considerations to arbi-
trary observables X, Y and arbitrary state p.
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We have shown that so defined relation X'=, Y meaning X and Y are perfectly correlat-
ed in p is an equivalence relation on all the observables. In particular, if X and Y are per-
fectly correlated as well as Y and Z, we can conclude that so are X and Z. This suggests
that perfectly correlated observables can be interpreted to have the same value that can be
realized by joint measurements of them, even though the quantum state determines it only
randomly.

The above interpretation has given a new insight on the state dependent definition of
precise measurements of observables. Even though the outcome of a measurement might
be used to infer what is the state before or after the measurement as in quantum state esti-
mation or quantum state reduction, this inference cannot be done without appealing to the
fact that any measurement measures some observable in the sense of the Born rule; recall
that even a POVM measurement corresponds to a measurement of an observable in a larg-
er system and as such a mathematical POVM can be identified with a real experiment.
Thus, the most fundamental question in measurement theory is the one as to what obser-
vable is (precisely) measured by a given apparatus.

Conventionally, this question has been answered only in a state independent manner as
follows: The apparatus measures an observable X if and only if the probability reproduc-
ing condition (PRC) is satisfied for any input state, where the PRC requires that the output
probability distribution reproduces the theoretical probability distribution predicted by
the Born rule. However, the justification of the above definition has not been clear, since
the probability reproducing condition for a given input state does not imply that the mea-
surement is precise in that state. In this respect, our result has successfully justified the con-
ventional definition in that we have given a definition of a precise measurement in a given
state and showed that the conventional definition indeed requires the measurement is pre-
cise in any input state.

The state dependent definition is not a pedantic justification of the conventional ap-
proach. In fact, some measuring apparatus in a laboratory can accept only a small class
of states from the whole Hilbert space of the state vectors. For instance, every microscope
cannot measure the position of a particle outside of the scope. Thus, the experimenter
should have a criterion to judge whether or not the apparatus measures the given obser-
vable depending on the input state. Such a criterion was not even discussed in measure-
ment theory before the present investigation.
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